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Abstract 

We investigate inhomogeneous quantum groups G built from a 
quantum group H and translations. The corresponding commuta- 
tion relations contain inhomogeneous terms. Under certain conditions 
(which are satisfied in our study of quantum Poincare groups ) we 
prove that our construction has correct 'size', find the i?-matrices and 
the analogues of Minkowski space for G. 



Introduction 

Inhomogeneous quantum groups, their homogeneous spaces and correspond- 
ing R- matrices were studied by many authors (cf e.g. [0, [0, [||, [0, 0, [|], 
[0]). Here we propose a general construction which covers the examples [0], 
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[0] and is suitable for our study of quantum Poincare groups (without dilata- 
tions) |jl2[. We work in the framework of Hopf algebras treated as algebras 
of functions on quantum groups. In Section 1 we assume that G is an inho- 
mogeneous quantum group built from a quantum group H and translations 
described by the elements Pi corresponding to an irreducible representation 
A of H. The commutation relations can contain inhomogeneous terms. It 
turns out that the leading terms in these relations are governed by the struc- 
ture of certain bicovariant bimodule of H. In particular, the leading terms 
in relations among pi must correspond to the eigenvalue —1 of the corre- 
sponding R-matrix R (cf |Tl[], P). In Section 2 we add the condition that 
all the representations of H are completely reducible (which is the case in 
[ P^ when if is a quantum Lorentz group [0) and find the commutation re- 
lations between functions on H and Pi. In Section 3 we assume that = 1 
(or {R — Q1){R + 1) = where Q 7^ is not a root of unity) and that we 
have as many quadratic relations among pi as it is allowed by the eigenvalue 
— 1 property (so, if there would be no inhomogeneous terms, pi would be 
i?-symmetric) . That is the simplest case which is sufficient in [|12|. We find 
the exact form of commutation relations and the necessary and sufficient 
conditions for the corresponding coefficients. If they are fulfilled, there are 
no relations of higher order and our construction has the same 'size' as in the 
absence of inhomogeneous terms. The R-matrices for the fundamental rep- 
resentation of G are classified. In Section 4 we consider the *-structure and 
isomorphisms among our objects. In Section 5 we prove that (under some 
conditions which are fulfilled in [O]) each G possesses exactly one analogue 



of Minkowski space. Inhomogeneous Poisson groups are considered in [|T8 



For the simplicity of calculations, the small Latin indices a, 6, c, (i, . . . , 
belong to a finite set X in Sections 1-5. We sum over repeated indices which 
are not taken in brackets (Einstein's convention). The number of elements in 
a set B is or \B\. We work over the field C. Unit matrix with dimension 
is denoted by Iat. If are vector spaces then Tyw -.V^W — > W®V is 
given by Tvw{.x®y) = y<S)x, x E V, y E W. We often write r instead of Tyw- 
If ^ is a linear space and v,v' e Mn{A), N eN, then v®v' E Mn{A ® .4.) 
is defined by {vQu')ij = Vik ® v'kj, i,j = I, . . . , N (Einstein's convention!). 
If moreover A is an algebra, v G Mj^{A), w G (A), then v(l)w G M^xiA) 
is defined by {v®w)ij^ki = VikWji, i,k = 1, . . . , N, j,l = 1, . . . ,K. We use 
the abbreviation tP" for v®. . . (j)u (n times). If ^ = C we may write ® 
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instead of ®. If also v' G MNiA),w' G MxiA) then {v(Dw)(£{v'®w') = 
{vQv')(D{w®w') (see (2.18) of [|I4|). If ^ is a *-algebra then the conjugate of 

V is defined as "U G M^[A), where Vij = Vij*, i, j = 1, . . . , N. 

Throughout the paper quantum groups G are abstract objects described 
by the corresponding Hopf (*-) algebras Poly(G) = (^, A). We denote by 
A,e,S the comultiplication, counit and coinverse of Poly(G'). We always 
assume that 5* is invertible. We say that f is a representation of G (i.e. 

V G Rep G) if f G Mn{A), N E N, and Avij = Vik ® Vkj, ^ivij) = 6ij, 
i,j = 1,2, . . . , N. Then dim v = N. The conjugate of a representation and 
tensor product of representations are also representations. Matrix elements 
of representations of G span ^ as a linear space. The set of nonequivalent 
irreducible representations of G is denoted by Irr G. If v,w E Rep G then 
we say that A G Mdim«)xdimD(C) intertwines v with w (i.e. A G Mor(t>,w)) 
if Av = wA. We use the following notations: 

a* p = {p® id)Aa, p* a = (id Cg) p) Aa, p* p' = {p® p)A 

for a E A, p, p' E A'. Let us recall the following well-known 

Proposition 0.1 Let A be an augmented algebra (i.e. a unital algebra en- 
dowed with a unital homomorphism e : A — > C ) and uoi, i = 1,2,..., M, 
and Tjj, j = 1,2, . . . , N , be two free bases of the left A-module T. Then 
M = N. 

Proof. One has Ui = aijrjj, rjj = bjiUi for some aij,bji E A. It follows 
dijbjk = SikI, buaij = 6ijl, k = 1, . . . , M, I = 1, . . . , N. Applying e, one gets 
e(a)e(6) = 1m, ^{b)e{a) = Ijy, hence e(a) is invertible, M = N. □. 

Therefore the dimension dim^ of a free left .A-module (where ^ is a 
Hopf algebra) is well defined. We can use the above notions and facts (if 
applicable) also for general (*-) bialgebras (without S) and not necessarily 
quadratic matrices. 



1 Inhomogeneous quantum groups 

In this Section we define inhomogeneous quantum groups and study leading 
terms in their commutation relations using the theory of bicovariant bimod- 



ules [|15|. The importance of left covariant bimodule structure in investigation 



of inhomogeneous quantum groups was first noticed in |T3|. 
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Let us assume that Poly(if) = {A, A) is a Hopf algebra with a distin- 
guished irreducible representation A = {Ars)r,seJ of H, |X| < oo. We set 
1 = l|j|. We shall consider bialgebras Poly(G) = {B,A) such that: 

1. ;B is generated (as algebra) by A and the elements ps, s E I. 

2. ^ is a sub-bialgebra of B. 

3. V = ^^isa representation of G. 

4. There exists i G X such that pi A. 

5. C r where T = A-X + A, X = span{pi, i e I}. 

Due to 5., r is an ^-bimodule. In virtue of 2.-3., <Z A® A, 

Ap = A®p + p®I, (1.1) 

hence AF C ^ ® T + T ^. We define bimodule t = T/Ahy aoo = du, 
Co a = oJa where Cj is the element of V corresponding to uj E T , a E A. We see 
that A induces a linear mapping 

A:f — >(^®r + r® A) /{A A) ^ {A®t) ® {t (S> A). 

We get the decomposition A = A^+A/j, Al : f — > A®t, Ar-.T — > t®A. 
In particular, AiPs = Agt^Pt, AjiPs = Ps®I. Using the properties of A, one 
can easily check that (F, A^, A/j) is a bicovariant bimodule (cf ||T5|, Defini- 
tion 2.3 and a similar argument in the proof of Theorem 5 of |[l|]). We notice 
that Ps {s G X) are elements in the set Tinv of right-invariant elements of F. 
Moreover, under Al they transform according to an irreducible representa- 
tion A and at least one of them is nonzero (the condition 4.). Thus they are 
linearly independent. They generate (see the condition 5.) the left module 
F. Using Theorem 2.3 of [l^, we get that ps {s G X) form a linear basis 



of Tinv and thus a basis of the left module F. Moreover, the same Theorem 
implies thatQ 

Pstt = (a * fst)pt (1-2) 
for some functionals fst G A' such that 

fst{ab) = fsmia)fmtib), a,b E A, /,*(/) = Sst- (1-3) 

^there is a missprint in (2.33) of to get the correct form one has to replace fij by 
/jj o which is denoted by fij in the present paper (cf p^) 
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(It implies 

fabO S * fbc = fab * fbc° S = dact (1.4) 

- one can apply both sides to Vij, v G Rep A, which span A). Applying A/, 
to (pr^), we get 

Asifl^^^ (g) (a(2) * = {A,t(g)pt)Aa = 

A(a * fst)iK ® Pr) = (a^^^ * fst)K ® a^^^Pr, 

where we denoted Aa = a*^^) a^^-* . Comparing the coefficients multiplying 
Pr and applying id ® e, one obtains 

eA. (1.5) 

Let us pass to F. The elements {/,Ps : s E 1} form a basis of F as a 
left module. Moreover, (|1.2| ) implies 



Psa = {a* fst)pt + (ps{a), a e A, (1.6) 
for some (pg : .A — > A. Using Ps{ab) = {pso)h, pgl = Ps and (p..3|), one gets 

<Ps{ab) = {a*fst)(l)t{b) + Ma)b, a,b e A, 0.(/) = 0. (1.7) 
Thus the mapping 



i^:A3a^[-l^ GA%|,,(^) (1.8) 



a*/ 0(a) 
a 

is a unital homomorphism. Applying A to ( p..6[ ), one gets the equality of 
both sides if and only if ( p..5|) and 

(a) = (A,t ® /) [(id (g) ^t)^{a)] + {^s ® id) Aa, a e A, (1.9) 



hold. 

Before investigation (for certain class of A) of this equation let us consider 
the general situation. We assume that fst G A' and : A — > A satisfy 
([L3D , ([Qp , ([LTD and (|L9D. Let ;B be the algebra with / generated by A 
and Ps, s E T, with relations ([1.61). We set px = Pki ■ ■ ■ ■ ■ Pk„ for K = 
(fci, ...,kn)eln=lx...xl{n times), X = U^^qX^ (p0 = J). 
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Lemma 1.1 px, K ^X, form a basis of the left A-module B. 

Proof. We define C as a free left v4-module with basis Pk = Pki ® ■ ■ ■ ® Pk„ 
for K = {ki, . . . , kn) G T. We also set Cn = A ■ spanjPx : K G X„} and 
introduce linear mappings A„ : C„ ® ^ — > Cn by Ao(&-P0 ® a) = baPtD, 

Pi) ® a) — A„_i {bPK ® (a * fis)) ®Ps + K-i{bPK ® Ma)), 

K G X„_i. Next we define linear mapping (multiplication) m : C ® C — > C 
in C by m{bPK (S> aPi) = ^n{bPK ® a) ® -Pl for K,L E 1. After some cal- 
culations (using ( p..7|) ) one can check that {C,m) is an algebra with identity 
P<D. Moreover, there exists a unital homomorphism p : B — > C given by 
p^apx) = clPk (( |1-6|) holds in C). But Pk form a basis of C and hence 
are independent (over A) in i3. They also generate (due to ( |1.6|) ) B as the 
left module. □. 

Let the comultiplication in B be given by the comultiplication in A and 
( |L1| ) (it is well defined due to (|L5| ) and ( |1.9|) - see remarks before (|L9|)). 
Then i3 is a bialgebra with a natural bialgebra epimorphism vr : B — > B 
given by 7r(a) = a, a E A, T^ips) = Ps- 

We set J = kervr, T = A - spanjps, s G X}, iS^ = ^ ■ spanjpj, J G Ik} 
(with basis pj, J eXk),B^ = ®to^i (cf. Lemma [Ol), = n J. Let Jk 
be some vector space such that J^~^ (B Jk = J^, G N (Jq = {0}). We have 
Jk n ^3*"'^^ C Jk n J'^^^ = {0}, so we can define B^k) as some vector space such 
that B^'^ ® Jk® B(k) = B^ . In particular, we can put J° = = Jq = Ji = 
{0}, J2 = J\ i3(o) = B, = A, = Si = f . 

We shall investigate J2. Let s G J2. Then s G J, (vr ® 7r)As = Avrs = 0, 
As G -B® J+ J®i3. But also s G As G & ® A+ A®& + B^ (^B^ . Using 
i3 = (©Jfc) © (©%)), J = ©Jfc, & = -B(o) ©%) ©i3(2) © J2, B^ = i3(o) ©%), 
one gets 

AsG^©J2©J2®A (1.10) 

We put r2 = B'^/B^. We see that A induces a linear mapping 
A2 : t2 (B^ A + A® B^ + B' B')/iB' ®A + A®B')^ 

We get the decomposition A2 = A2L + A2_r + A, A2L : r2 — »• ^ © r2, 
A2R : r2 — ^ f 2 © ^ and A : f 2 — ^ f © t. 



6 



Lemma 1.2 The elements [pipj] form a linear basis of{r2)inv, hence a basis 
of the left module T2, while pi ® pj form a linear basis of (T ®^ T)inv, hence 
a basis of the left module T F. 

Moreover, ^ : r2 — > F (8)_4 F given by CilPiPj]) = Pi ® Pj defines an 
isomorphism of bicovariant bimodules. 

Proof. The elements [pipj] are basis of the left module F2 = B^/B^ (Lemma 
|0|) and belong to (T2)inv while pi (S> pj are basis of the left module F ®_4 F 
(they are linearly independent elements of (F ®_4 T)inv and generate the left 
module). Moreover, 

\pipj]a = (a * fjs * fim)[PmPs], 

A2L\piPj] = AimAjs ® [pmPs], 
A2R[PiPj] = [PtPj] ®I, 

and similarly for pi pj. Thus (r2, A2L, A2r) is a bicovariant bimodule iso- 
morphic (by to F F. □. 

In the following we shall identify x with ^(x) and F2 with F F. Let 
us recall that there exists a unique bicovariant bimodule isomorphism p : 
F®^F — > F(S)^F given by p{ri®uj) = u^rj where 77 is a right-invariant, while 
is a left-invariant element of F (p = a^^ where a is given in Proposition 
3.1 of [|15|). Thus ker(p + id) is a bicovariant subbimodule of F ®^ F. 



We define 

^ij,sm fimi^Ajg). (1.11) 

Setting a = A^n in ( |1.5|) , we get 

R G Mor(A®A, A®A). (1.12) 

Due to 

P{Pi ® Pj) = fim{Ajs)ps ® p'ra (1-13) 

(similar proof as for (3.15) of |TB[) is the matrix of p for the basis pi ®pj 

{ij e I) of {t2)inv 

Proposition 1.3 Let K be a right-covariant left submodule of T2, N = 
dim G N, and 

CiijiPi ® Pj), a = 1, . . . , N, form a linear basis of Kinv (1-14) 
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(a'ij eC). ThenK is a bicovariant bimodule iff there exists g — {9ctp)a,i3=i ^ 
Rep H such that 

a(A©A) = g- a (1.15) 
(we set aa,mn = dmn) ^'^^ ^"/S ^ ' cn, P = 1, . . . , N , such that 

atjifjs * fim) = ^^afsai,, (1.16) 

UJay{bc) = LJal3{b)Uf^y{c) {b,CeA), Uaf3{I) = 5af3- (1-17) 

In that case g is a quotient representation of A® A, corresponding to K^v: 

Moreover, K C ker(p + id) iff 

a'^{R + l®^) (1.19) 

where (a")m„ = a;^„. 

Proof. If i^' is a bicovariant bimodule then A2LKinv C ^® K^v Therefore 
there exist gajj G A such that (|1.18| ) holds. Using the definition and proper- 
ties of A2L, one gets (|1.15|) and that g is a. representation of H. Conversely, 



(|1.15 ) gives ( p.. IS ) and left invariance of K. Moreover, the right module 
condition for K means that for any b & A 

0'ij[PiPj]b = atj{b * fjs * fim)[PmPs] = 
ba^a'^siPmPs] 

for some ba^ G A. Setting uiapip) = eibap) we get uJap G A! and ( |1.16|) -( p!.171 ) 
(we use {bc)a-f = baj^cp^, lap = 5apl)- Conversely, ( |1.16| )- ([1.17|) give the right 



module condition for K. 



Due to (|1.15|) g is a quotient representation (see Appendix B of [Bl) of 



A©A (due to ( |1.14| ), a is surjective). 



Finally, (g) and ( [m| ) give 

(p + id)(a°Pi ®Pj) = a'^j{Rij^sm + ks5jm)Ps ® Pm 

and the last statement holds. □. 

From now on we set K = J2/B^ G T2- As left modules K ^ J2 since 
J2 n = {0}. We shall see that K satisfies all the conditions of Proposition 
O: 
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Proposition 1.4 K is a bicovariant suhhimodule o/ker A = ker(p + id) C 

r®^r = r2. 



Remark 1.5 Thus in interesting situations p should have an eigenvalue — 1 

re/ a w- 



Proof. Since J is an ideal, J2 is a bimodule, so is K. Due to ( |1.10|) , IS.2lK C 



^ (g) i^, /^2rK d K ® a, AK = 0. Therefore i^' C ker A is a jDicovariant 
subbimodule of r®^r (see Lemma |L2|) . It remains to prove ker A = ker(p + 
id). Let X = aijPi ^ pj. If a; G ker A then 

= AaijPi (g) pj = A{aij)[{pi (g) /)(Ajs (S) Ps) + i^is ® Ps)iPj ® = 

A{aij){[{Ajs * fim) + Ks5j-m] ® I}Pm ® Ps- 

Using the independence of pi and acting by e (g id, one gets 

aij[fim{Ajs) + SiJjm] = 0. (1.20) 

Multiplying from the right hj ps^Pm and using (|1.13|) , we obtain (p+id)(x) = 
{p + id){aijPi ®Pj) = 0, i.e. x G ker(p + id). Conversely, the last equality im- 
plies (|1.20| ). Acting by A and multiplying from the right by (Asn^I) {p'm^Pn) , 
we can get back AaijPi ® pj = 0, x E ker A. □. 



We know that (|1.14|) holds for some a"- G C. Then a° (pi ® Pj) {a 



1, . . . , N) form a basis of the left module K. Let 

= apip,- + btPi + (1.21) 

be the corresponding basis elements of the left module J2 (J2 n = {0}). 

We get 

Proposition 1.6 As left module A ■ span{pjPj,pj, I : i,j E X} ^ / J2 has 
dimension IXP + IXI + 1 — dimK. 
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2 Properties of inhomogeneous quantum groups 

Here we continue the investigations of the previous Section (assuming the 
conditions given at its beginning) and find the form of commutation relations 
in B. As before Poly(G) = (S, A) and Poly(i/) = (^,A). Moreover, we 
assume 

a. Each representation of H is completely reducible 

b. A is an irreducible representation of H 

c. Mor(t>®u;, A®u®u7) = {0} for any two irreducible representations v,w of 
H. 

The condition c. is used only for simplicity and will be removed in Remark 
^. 

We return to the investigation of ( |1.9| ). Due to the condition a., a = uab, 
u & Iyy H , A, B = 1, . . . , dim u, form a basis of A. Setting (Ps{uab) = 4>sA,b, 
( |1.9|) is equivalent to 

A0sA,B = (ACDu)^A,tC ® (ptCB + (psA,C ® UCB- 

Multiplying both sides from the right by A(m^^) = u'^^l^u'Ib (where u'j^^ = 
u^jj etc.) and setting p^ad = 4>sA,bUbd, one gets 

ApsAD = {^OuOu'')sAD,tCL ® PtCL + PsAD ® I- (2.1) 

Therefore ^ ^®^CDu ^ ^ is a representation of H. Using the condition a., 
there must exist a vector ^ ^ ^corresponding to the representation /. It 



means 



p = w- (ACDuQ>i^)w (2.2) 
(conversely, (p^) implies (pTTp). We define rji G A' by rji{uAB) = WiAB- Using 



(^, we get 

0s(mAb) = 0sA,B = PsADUdB = 'ns{uAD)uDB " {^Ou) sA,tLVt{uLB) 

and ( |1.9| ) is equivalent to 

0s(a) = a * - Ast(?7i * a), aGA (2.3) 
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Due to c. {v = u, w = I), Tjs are uniquely determined by 0s. Inserting ( |2.3| ) 



to (pTTp , we obtain ?7s(/) = and 

ab*T]s- AsmiVm * ah) = 

(a * fst){b * T]t) - (a * fst)Atm{r]m * b) + {a * T]s)b - Kst{vt * a)b, 
which (see ( |1.5| )) we can write as 

ab*r]s- (a* fst)ib*r]t) - {a*r]s)b = 

> 

KmiVm *ab- {fmt * a){T]t * 6) - {r]m * a)b]. ^ 



(2.4) 



Setting L^^AB,CD = Vm{ab) - frat{a)rit{b>) - r]mia)e{b) for a = vac, b = wbd, 
v,w e Irr H, we can replace ( P^ ) by L""" G Mor(t;®u;, AQfCDif ) = {0}, so 
( |1.9|) is equivalent to 

Vmiab) = r]m{a)e{b) + fmt{a)'nt{b) , a,beA, ri^{I) = 0. (2.5) 

Combining ( [T7^ ) with (pT5|), 

A3 a — > p{a) = ^ "^^^"^ v{a) ^ ^ M|x|(C) is a unital homomorphism. 

(2.6) 

We get 

Theorem 2.1 Let A be a Hopf algebra satisfying a.-c. Then the general 
bialgebra B satisfying the conditions 1.-5. is equal B/ J where B is the algebra 
with I generated by A and Ps (s E I) with relations where (ps is given 

by (\2.'J^ ) for f and rj satisfying ^1.^ and l\2.dj . Moreover, B is a bialgebra 
with comultiplication given by the comultiplication in A and J is an 

ideal in B such that AJ C J(g)B + B(g)J, e(J) = 0, Jni3^ = {0}. Conversely, 
each such f, t] and J give B = B/J satisfying the conditions 1.-5.. 

Proof. It follows from the previous considerations. □. 
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Let us recall that s", a = 1, . . . ,N = dim K, form a basis of the left 
module J2 = Jn&. Due to ([Oil) and ( [TToD , 



As" = al^kim^jn ® PmPn + of^jPiPj ® 1+ 
a^ji^im ® Pm)iPj (S)I)+ afjipi (g) /)(Aj„ ®Pn) + 

A{bf){Aij ® pj) + A{bf){p, ® J) + A(c°) e 
^ (g) J2 © J2 ® ^. 



(2.7) 



In particular, the terms in rc?>r should cancel out, which is equivalent (cf the 



proof of Proposition |1.4| ) to ( |1.20| ) for a 



i.e. to ( |1.19| ). The equations 



( |1.19|) are down to earth formulation of the condition K C ker(p + id). Using 
that and ( |1.15D , one gets 

As° - (g) / - g^p e {A® J2® J2® A) n {A0 + A) = {0}. 
Thus ( p.7|) is equivalent to 

9at3 ® [-b^P^ - C^] + [-Kp^ " c"] ® 1+ 

a°0,(A,„) ®Pn + A(6f)(A,,- ®pj) + 



A(6nfe®^)+^(c°) = 0. 



Using Lemma 1.1 



bf®L 



A(c") = g^p ® + ® /. 
In virtue of ( ^l8|) , 6" G C. Using ( |2.3|) and ( p..l5| ), we can write 



(2.8) 
(2.9) 
(2.10) 

as 



Using the condition c. for v = A, w = I (according to the condition a., g 
is equivalent to a subrepresentation of A®A), we get Mor(A, (/) = {0} and 
hence (|2.9|) is equivalent to 



(2.11) 
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Decomposing g into a direct sum of irreducible representations, has also 
a decomposition into a direct sum. So we can solve (|2.1CI|) in each irreducible 
component and thus assume that g is irreducible. For any f G In H we set 

= spanjfmn : m,n = 1, . . . , dim v}. We know A = ©^^gi^r h^-"- 

i) g = I, hence A(c°) = / + c" (g) /. Thus 

Ac" e (©^girr if A ® A) n (©^girr A^i © A © A ® A)) = 

A © A = CJ © /, 
c« = A/, A G C. That gives A = 2A, A = 0, = 0. 

ii) g eItt H, g ^ I. Then c°' = J2 , c'^ & Av and ( ^.101 ) is equivalent to 

Ac" = c" © / G ^7 © Ai, 

= ga/3®c'^i+c'^®I eAg0 Ai, 
Ac;; = gaf3 (S)c^g eAg(g) Ag, 

Ac" = G A © A, = © c(^ G A ® A, 
= c"©/gA©A, V e In H, v^I,g. 
Solving these relations, one gets c" G C, c^ = —gapc^, c" = for t> 9^ I,g, 
V G Irr H. Then c"' = cj — gapd^i- It holds also in the case i) and for whole g. 

Since a" are linearly independent, there exist T^n ^ C such that c" = 
«mn^mn- One gcts c" = a^„(T^„ - AmaKbTab) (we havc used (|1]T|)). Con- 
cluding, 

S" = a% {P^Pj - 7]i iAjs)Ps + Tij - A^rnAjnTmn) (2.12) 

and we get (A^ = dim K) 



Theorem 2.2 Let B he as in Theorem \2. 1\. Then J2 = J Ci B"^ is an A- 



himodule and as the left module it has a basis ( \2.1^ ), a = 1, . . . , N , for some 
afj, Tij eC,N EN. Moreover, a" satisfy ([TBi ), ( \nW and (^J^-^l^ 
for some g G Rep H and E A' (a, P = 1, . . . , N). 
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Theorem 2.3 Let j2 C be the left module generated by ^2.12j for some 
afj, Tij G C, such that a" (a = 1, . . . ,N) are linearly independent and satisfy 
( fim , ( ^TWj ) and ( \nm -( ^rT^ for some g G Rep H and 00^^ e A'. Then 

Aj2 C (j2®^)©M®j2), j2nB' = {0}. (2.13) 

Moreover, j2 is a bimodule if and only if 

9af3{r(i * b) = b * Ta, be A, (2.14) 

where = afjTij, 
and g is given by 

Proof. The first statement follows from the computations before Theorem 
|2.2| . Due to Proposition |1.3| , j2/B^ is a bicovariant bimodule contained in 
ker(p + id). In order to prove the last statement we compute 

S"b = a^jlPipj - r]i{Ajs)Ps + Tij - A,„AjnTrrm]b = 

O'fjiPilib * fjs)Ps + (Pj{b)] - r]i{Ajs)Psb + (Tij - AimAjnTmn)b} = 
(^ijiib * fjs * fim)PmPs + Mb * fjr)Pr + [(pj{b) * fir]pT+ \ (2.15) 

(f)i{(f)j{b)) - r]i{Ajs){b * fsr)Pr - rii{Ajs)(t)s{b) + 
Using ( |1.16D , we get 

{b*iap)Sp = a'^jib* fjn* fim){Pm,Pn-rim{Kr)Pr + Tmn- J^maKbTab), (2.16) 

hence 



- (6 * ia(5)s'^ = AarPr + 



(2.17) 



for some A^r, G A. We conclude that j2 is a right module if and only if 
( |2.17|) belongs to j2 for any 6, which means Aar = B^ = (j2 CiB^ = {0}). 



14 



Using (|27[5| ), (|21^ ), pT^ ), (gj) and (^), one obtains 

b*T]j* fir - {Ajs * fim){Vs *b* fmr)- 
rii{Ajs){b * fsr) + {b* fjn * fim)r]miKr)}- 

In virtue of ( 1.19|) 



Kji-^js * fim) = aijfim{Ajk)Aks = 
„ce p A a A 

SO the second and the fourth terms in A^r cancel On the other hand, (111 



^ imply 



= ?7i{(6 * fjs)Kr - Ajsifsr *b)} = 

r]i{b * fjr) + fim{b * fjs)Vm{Kr)- 
11i{J^js)fsr{b) - fim{Ajs)rim{fsr * b) , 



hence due to ( |1.19|) 

(^ijKfjr * Vi){b) + [fjs * fim){b)Vm{Kr)- 
Vi{^js)fsr{b) + {Vj* fir){b)] =0. 

Therefore also other terms in A„r vanish, A„r = for each b & A. 



In virtue of (pj), Q and (p]), 

Ba = aij[(j)i{b * rjj) - {Ajm * fis)(ps{j]m * b)- 

(l)i{Ajs){ris *b) - T]i{Ajs)(t>s{b) + (Tij - AimAjnTmn)b- 
(b * fjn * fim)(Tmn AmaAnbTab)] = 

a° ■ [b * T]j *T]i- Aim{r]m *b* r]j)- 

fis{Ajl)Aim{r]m *b*r]s) + fis{Aji)AimAsn{r]n *Vm*b)- 
r]i{Ajm)Ams{r]s *b) + AimAjn^m{Ans){lls *b)- 
7]i{Ajs){b * 7]s) + r]i{Ajs)Asm{r]m * b) + 



(2.18) 



(2.19) 
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Tijh A.iijiA.jnT^nb (b * fjn * fim)TfYm~^ 
-^im-^jnifnc * fma * b)Tac]- 

The fifth and the eight terms cancel. Using ( |1.19| ), the second and the third 
terms also give 0. The terms 1,7,9 and 11 produce b * Ta- In virtue of 
afjAimAjn = Qapo-mn (^66 ( |1.15| )) and ( |1.19| ) the terms 4,6,10 and 12 yield 
—QapiTjS * b). Thus = b * Ta — ga/siT/s * b) and our Theorem follows. □. 



Using the notation of Theorem ^]3| one has 
Proposition 2.4 

Ta{ab) = uJap{a)Tp{b) + r„(a)e(6) (a, b G A), Ta{I) = 0. 

Proof. We have (see dOj), 

Tij{ab) = {r]j*r]i){ab) - 'nii^js)[fsria)r]r{b) + r]sia)e{b)] + 

Tije{a)t{b) - {fjs * fim){a){fsr * fml){b)Tir. 

But (we use (^), ([CTj ) and ( [TT6|) ) 

o-tjiVj * Vi)iab) = a'^j[{rij * rii){a)e{b) + (/j> * ri,){a)rir{b) + 

iVj * fir)ia)rir{b) + {fjr * fts)ia){r]r * Vs)ib)] = 
<j[(^i * Vt){a)^{b) +Vi{^js)fsr{a)Vr{b)- 

ifjs * fim){a)llra{Kr)Vr{b) + {fjs * fim){a){Vs * ??m)(&)] = 

* Vi){a)e{b) + T]i{kjs)fsr{a)nr{b)] + 

t^a/3(a)aL[(^s * Vm){b) - r]rr,iAsT)r]rib)]. 
Combining these facts, we get the first assertion. The second one is trivial. □. 



Remark 2.5 Proposition |^.^ and (ll-lTj) give that 

f u!{a) r(a) 



( : A3a 



G M^+i(C) 



V , 

is a unital homomorphism, where Lj{a) = (^7^/3(0))^^^;^, r(a) 
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Remark 2.6 Let S be a set generating A as algebra with unity. One can 
prove that ( ^.Idj ) forbeS implies Idj ) forbeA (due to (\2. 1 1[ ) A^r = 



for b, b' implies A^r = for bb' ). Similarly, l\2. 14\ ) for b G S implies ( ^-14 ) 
for b E A (it is equivalent to the right module condition which suffices to 
check only for b E S). 

3 Structure of inhomogeneous quantum groups 

Here we continue the investigations of two preceding Sections (including the 
assumptions made at their beginnings) and find the exact form and 'size' of 
inhomogenous quantum groups. From now on we shall consider the most 
natural situation (which is the case for quantum Poincare groups): 

= and x{R + 1^^) = 0^x e span{a" : a = 1, . . . , dim iT} 



(cf (ITTT]) and (PT9|)). In other words: = id and K = Ja/S^ = ker(p + id). 



The second condition means that we have as many relations a^jPiPj + b'^pi + 
c" = as it is allowed by ( |1.19| ) (for b'^ = c'^ = Pi would be R-symmetric: 

Rki,ijPiPj = PkPi)- 
We set 

A3 = l(g)l®l-i?®l-l(g)i?+(i?(g)l)(l(g) R) + 

(1 0R){R(g)l)-{R(g) 1)(1 ^R){R(g) 1), 

Fijk,m. ~ Tiji^-^km) ) ^ij,m 

= r]i{Ajm)- The main result of the Section is con- 
tained in 



Theorem 3.1 Let f,rj satisfy (\l.dj, (\2.(^ and = id. The following con- 
ditions are equivalent: 

i) J is as in Theorem |^ with K = J2/B^ = ker(p + id) 
a) J is the ideal generated by 

Ski = {R- 'i^^)kl,ij{PiPj - r]i{Ajs)Ps + Tij - AimAjnTmn) 

for some complex numbers {Tij}i^jizj satisfying ( ^.14 ), 



A,F = 0, (3.1) 
AsiZ ® 1 - 1 ® Z)T e Mor(/, A©A®A). (3.2) 
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// the condition i) or ii) is satisfied then 

J2 = A - spanjsfc/ : k,l E 1} (3.3) 
and B = B/J satisfies the conditions 1.-5.. 
Proof. One has 

= (3.4) 
Let J be as in Theorem ^ J2 = J & and K = Ja/S^ = ker(p + id). All 



the conditions of Proposition |L3| are satisfied in that case. Theorem |2.2| and 
Theorem 2.3 give (|]T|). Moreover (cf the be ginning of the Section), 



span{a° 

where {a^'')ij 
Hence, in B 

where 



a 



l,...,dimK} = spanja'^' : fc, / = 1, . . . , | J|}, (3.5) 
{R — l®'^)ki,ij- Thus ( |3.3| ) is satisfied (see Theorem 

PkPi = Rki,ijPiPj + fki, 



rki = Cki,sPs + Mku 
Cki,s = -{R-l®^)k^M^Js) 



(i.e. c = -iR-l^^)Z), 

Mm 

In short. 
Therefore 



{R-l®%i,,{T,,-W, 



A A T 

^im'- '■jn-'- mn- 



p(Dp = R{p' 



+ r. 



(3.6) 
(3.7) 

(3.8) 
(3.9) 

(3.10) 



J9©p®p = (p®p)®p = (i? ® l)(p®(p©p)) + r®p = 

(i?® 1)[(1 ® i?)((pd»®p) +pd>] +rCD)p = 
{R R){R ® l){p®p®p) + {R®1){1® R){r®p)+ 

(i?® l)(p®r) +r( 



18 



On the other hand, 

pQpQp = p®(p®p) = (1 ® -R)((p®p)®p) + p®r = 

(1 O l)(p®(pODp)) +rO!)p] +pOr = 

(1 ® ® 1)(1 ® i?)(pQoQp) + (1 ® ® l)(p®r) + 

(1 (g) R){r®p) +p(Dr. 
But the braid equation for p (see (3.8) of []T3|) imphes 

(i?®l)(l®i?)(/?® 1) = {1(g) R){R 1) {1(g) R). (3.11) 

Thus 

A(r®p) = B{pQr), (3.12) 

where 

A= (i?(g)l)(l®i?)-l(g)i?+l(g)l®l, (3.13) 

B = {l0R){Rg)l) - R0l + lg)l0l. (3.14) 
Using r = cp + M and ( |1.6|) , we can rewrite ( 3.12|) as 

H{pQp)+Lp + N = 0, (3.15) 

where 

H = A{c (gl) - B{l(gc), (3.16) 

Lijk,s -^ijk,mns^^mn Bijig Ynnl{^^nl * fms)i ('^■1''') 
A^ijfc = —Bijk,mnl(pm{Mnl). (3.18) 

Therefore (see (|3.3| )), 

H{p®p) + Lp + N = D[{R - l®2)(p^) + CP + M] (3.19) 
for some matrix D, which thus satisfies H = D{R — 1*^^). It exists iff 

H{R + 1'^^)=0 (3.20) 
and can be chosen as D = —\H. Consequently, ( ^.12] ) is equivalent to ( |3.2(J| ), 

L = -^Hc, (3.21) 
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and 



N 



--HM. 
2 



(3.22) 



Let us now consider ( pj.20D -( P^^2D as abstract conditions for rji, T^i- We 
shall prove that ( p.20D follows from the previous conditions. By virtue of 
for b = Aki, 



r]i{Ajs)fsr{Akl) + Vj{^ka)fir{Kl)\ = 0, 



hence 



[{R - ® 1]{(1 ® ® 1) + (1 ® R){R ® 1)(1 ® Z)- 

{Z 1)R+ {10 Z)R} = 0. 
Multiplying from the left by A and using 

_ i?) ^ 1) = B{1 ® (1^2 _ _ 

^3(1 0R) = -A,, A,{R 1) = -As 
(it follows from ( |3.4]) and (|3.11| )), we get 

A3(l®Z-Z®l)(l®2 + i?) =0. 

But in virtue of (j^JUj ) and 

H = AsiZ (g) 1 - 1(g) Z) 



and (|]20]) follows. 

Now we shall consider (|3.21| ). One has 



(3.23) 



(3.24) 
(3.25) 

(3.26) 
(3.27) 



^ij * fms — i-^ia-^jbTab) * fms — 

f^n{Kc)fns{A,d)KaAdbTab = [{R ® l)(l ® R){W 1)], 
Tij * fms ^msTij (1 (g) T^^ij g^ 

hence (see ( CT) , (PI), (^M)) 
L = A3iiW-T)(gl)-As{W0l)+As{l(gT) = A3(1®T-T® 1). (3.28) 
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Using and ([OTI ) 



-He = HZ = AsiZ ® 1 - 1 ® Z)Z. 
2 



(3.29) 



Moreover, 



Vii.-^js)Vsi,-^km) ~l~ Tij6kni fjni^-^ks) fir(^-^sm)Tm- 

Thus 

F = {1 ® Z)Z - {Z ® 1)Z + T (g) 1 - {1(g) R){R (g) ^ T), (3.30) 



and ( |3.21[ ) is equivalent to (|3.1| ). 

Finally, we investigate (|3.22|) . According to (|1.7| ) and (|2.3|) 



0m(W^ij) = (Aia * fms)4>s{^jb)Tab + 4>m{^ia)^jbTab, 
4>s{^jb) = Vs{^jc)Kb - KAjkVri^kb)- 

Setting Xmij = (f>m(Wij), one gets 

X = {R(gl){l(gZ)W+{Z(gl)W-{R®l){A®A®A){mZ)T-{A®mA){Zm)T. 
Using ( gl8D , (pD, (lOl and ( |LT2D , we obtain 

= -AsX = -AsiZ ® 1 - 1 ® Z)Vr + (A®A®A)A3(Z ® 1 - 1 ® Z)T. 



Due to ( p:20|) and (ICTj) 
1 



Therefore 



i/M = v43(Z (g) 1 - 1 (g) Z){W - T). 



N + -HM = (A®A®A)m - m, 



where m = A^iZ ® 1 - 1 ® Z)T and (|]2|) is equivalent to Thus the 

condition i) implies (|3.3| ), ( p.l4|) , (|3.1|) and (|3.2| ) for some complex numbers 
Tij (^, j e X). 
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Let us now assume ( p.l4| ) , ( |3.1| ) and ( p.2| ) . We define j2 as the right hand 
side of Thus 32/^^ = K = ker(p + id). In virtue of Proposition |L3 

and Theorem we get (^]T^) and the bimodule property of j^- Let j be the 
ideal generated by j2- Then Aj <Z i®B + B®j. Moreover, Ap = + AQp 
imphes e(p) = 0, hence e(j2) = 0, e(j) = 0. The previous computations 



show that ( CT ) holds in B/]2- We shall show j n = {0}, j n -B^ = ja- 



Therefore j is as in Theorem |2.1| and B = B/j satisfies the conditions 1.-5.. 
Furthermore, we will prove that if J satisfies the condition i) and JdB^ = j2 
then J = j. Thus the proof of the Theorem will be finished. 

We set Rk = l®('=-i)(g)i?(g)l®("-'=-i) (cf the notation in the Introduction), 
k = 1,2, . . . , n—1, R-jr = Ri^-. . --Ri^ for a permutation vr G n„ with a minimal 
decomposition into transpositions 



TT tjj . . . ti^ 



(3.31) 



Due to ( p.ll|) , Rt, is well defined. We set 



7rGn„ 



Moreover, we put r^k = p®('=-i)®rQp®("-'=-i) (see (^), 

^riTT '"nil ~^ -^ii^ni2 ~l~ Ri\Ri2^ni3 ~l~ . . . ~l~ 



Ri\ ■ • • • ■ Ris-\'^nisi 



(3.32) 



(we choose some decomposition ( p.31|) for each tt), r„ = ^^ Y^-K^mT- We shall 
prove the following 



Proposition 3.2 Let j he the ideal generated by ( \3. Sj ). We assume ( ]3.1^ ) 



in B/j2 and ( \2.1^ . Then j as a left module is generated by matrix elements 

(l®"-5„)(;^"-r„). (3.33) 



Proof. In virtue of Theorem p.3| , ( |3.3| ) is an ^-bimodule and as a left module 
it is generated by matrix elements of (1®^ — R)fP'^ — r. Therefore j is the 
left module generated by 



(3.34) 
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m = 2, 3, . . ., k = 1, . . . , m — 1. We set j„ as the left module generated by 
( |3.34|) for m = 2, . . . ,n (for n = 2 it coincides with the old definition of j^)- 
Thus Ajn C jn, jnA C j„, jnpi C Pij„ C jn+1- Moreover, 

fp- = R,fp- + r^, (mod.j), 
p®" = (^iaP®" + rnii) + rnh {mod-j), etc. , 



For any minimal decomposition (|3.31|) we set as the right hand side of 



( |3.32| ), where i = [ii, . . . ,is). We shall prove 

r« ^ r£) (mod.j„_i) (3.35) 

for any two such decompositions But can be obtained one from 

another by a finite number of steps of the following 2 kinds: 

(i) we replace . . . tkti . . . by . . . titk . . . for |A; — /| > 1, 

(ii) we replace . . . tktk+itk . . . by . . . tk+itktk+i .... 

Thus it suffices to check ( p. 35] ) for each of these two cases, 
ad (i). We may assume A; < / — 1. One has 

(1®" - Rk)rni = (1®" - i?fc)p®('-^)®rQo®("^'-i) = 

p®(^-i)®rQo®('-'-')®rQo®{"-'-i) = (1^" - Ri)r^, (mod.j„_i). 

Thus r„fc + Rkrni = rm + Rir^k (mod.j„_i) and ( ^.35|) follows, 
ad (ii). In virtue of (|3.12|) 

1^nk + Rk'^ n,k+l + RkRk+l^ nk = 

I n,fc+l + Rk+iTnk + Rk+iRkrn,k+i (mod.j„„i) 

and ( p.35|) follows also in this case. 

Thus in formula ( p.32| ) we can use any minimal decomposition ( p.31|) for 
computations modulo jn-i- We shall prove 

RkTn = rn- Tnk (mod.j„_i), n = 2, 3, . . . . (3.36) 
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Let vr G n„ be such that TT~^{k) < ^^^{k + 1) and ( p.31| ) be a minimal 
decomposition. Then vr' = tkir satisfies 7T'~'^{k) > 7r'^^(A;+l) and has minimal 
decomposition vr' = t^tj^ ■ . . . ■ ti^. In such a way we get all n' such that 
7r'~^(A;) > 7r'^^(A; + 1), each one exactly once. Due to ( p.32|) and ( |3.35| ), 

rnn' = RkTa-K + ^nk (niod.j„_i), (3.37) 
i?7r' = RkR-K- Multiplying both sides by Rk — 1®" and using 

RkTnk = -Tnk (3.38) 

(it follows from Rr = —r), we get 

(Rk - l®")(r„^ + r„^') = -2r„fc (mod.j„_i), 
{Rk - l®")(i?^ + i?^0 = 0. Thus 

{Rk - I'^nrn = - l^")(rn. + r„.0 = -r^k {mod.jn-i) 



and ( p.36| ) is proved. Moreover, 



{Rk - 1^")^„ = ^ Y.(Rk - l®")(i?. + R.') = 0. 



n 



(3.39) 



Thus 5"^ = ^ Ett R-nSn = ^^Y.7,Sn = Sn- Usiug ( p.36| ), ( p.37| ) and mathemat- 
ical induction w.r.t. the number of transpositions in a minimal decomposition 
of TT, one gets R-^Vn = Tn — fn-K {^od.jn~i)- Therefore 



^71. ^r. 



(mod.j„_i). 



(3.40) 



Using S'„p®" = p®" - r„ (mod.j) and (|^, (1®" - 5„)^" = r„ = (1®" - 
5'„)r„(mod.j). Thus the elements ( ^.331 ) belong to j. 

Let j be the left module generated by (|3.33|) . Then j C j. We shall prove 
by mathematical induction that j„ C j. It is true for n = 2 since 



r = 2(1 



(g)2 



52)(p^^-r2) 



(3.41) 



(we use 5*2 = I + |-R, r2 = |r, S'2r2 = 0). If it is true for n — 1 then using 
( |336|) and d]^), we get 
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{Rk - - -r^) = [mod.]) 

and jn C j. Therefore j C j , j = j . □. 

We set 5*0 = id^. Let a' = {a' in '■ i = I, ■ ■ ■ , dim Sn} be a basis of im Sn, 
P' = {(3'.^ : J = 1, . . . ,dim(l®" - Sn)} be a basis of im(l®" - Sn). Then 
a'U/3' is a basis of (c'-^')®". We denote by the dual basis. In particular, 

a'^'il®'' - Sn) = 0. (3.42) 

We set B' = B/j and p\ = \{pk) where A : B — > B' is the canonical 
mapping. 

Corollary 3.3 Let Kn = - r„) : i = I, . . . , dim(l®" - Sn), n = 

2,3,...,iV}, L'n = {a'^ip^"") : « = 1, . . . , dim S'„, n = 0, 1, 2, . . . , iV}. 
Then K^o is a basis of j , L' ^ is a basis of B' , is a basis of = j H B^ , 
L'n is a basis of 

B'^ = A- span{p^^ ■ . . . ■ p,-^ : ii, . . . , 2„ = 1, . . . , | J|, n = 0, 1, . . . , A^} 

(we treat j,j^ ,B',B'^ as the left modules). 
Proof. 

1®" -Sn = Y. f^'inf^'"^ /3i«(i®« _ Sn) = (3.43) 

i 

hence j is the left module generated by Koo- On the other hand, a finite 
combination J2o.in/3^^if^^ — ^n), a-in G -A, belongs to B^ iff ain = for 
n > N (Lemma |L1| and linear independence of for given n). Therefore 
is generated by and (taking = 0) elements of are linearly 
independent over A. Hence, K^o is a basis of j, is a basis of . Using 
1®« = y: a'ina"^ + E /?'^n/?", U {a'"(p)®" : i = 1, 2, . . . , dim n = 
0, 1, 2, . . . , AT} is a basis of G N U {oo) {B^^ = B). Thus B'^ = 

B^/j = B^/f has a basis LV, A^ e N U {oo} (F°° = i3')- 



Corollary 3.4 The left module = J H B^ is generated by l \3. SSj ) for n 
2,3,...,N. In particular, j n B^ = {0}, in & = js- 



Proof. It follows from Corollary |3.3| , ( p. 431) and (|3.41 



□ . 
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Proposition 3.5 With the assumptions of Theorem \3. i| , if J satisfies the 
condition i) of Theorem \3.J\ and J H = j2 then J = j. 



Proof. Clearly j C J. Let J' = J/j G B' and N be the minimal number such 
that J'^ = J'n B'^ ^ {0}. Therefore > 3, AJ'^ dJ'^ ®A + A® J'^ . 
Let ^ a; G J'^ . Then 

Ein S)n 
aina p . 

i = 1, . . . , dim Sn 

n< N 



We set B'n = A- span{a>^" : z = 1, 2, . . . , dim Sn}, B' = ©~=oi3'„. The 
component of Ax belonging to B'n-i ® B'l equals 0. Thus 



= J2 ^Ma% 



N 



i=l,...,dim Sa 



N 



k=l 

In short, 



p'„(mod. B'^'-^^B'i). 



Jn 



N 



a 



iN 



k=l 



a 



iN 



Since (|r|) holds in B, p'®A = R{A®p') (mod.^). Using j ^l^ , 
a^^^Tv = o^^S'tv-Ra: = (^^^ Rk and all components in the second sum are 
equal modulo ® B'l. We get 

= A(a,^)a*^[(p'®. . . ®p'®K)®pI 

i 

= ^aS<.,>,,...pVi^..v™®aSS (mod. B'""'^ ® A). 
Acting by id ® e and multiplying by k~^^p\., one has 

= ^aiNd p (mod. o ). 
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Using Corollary p73| , one obtains = 0, i = 1, . . . , dim S'at, x G J'HB'^ ^ = 
{0}, contradiction. We get J' = {0}, J = j. □. 



End of proof of Theorem 3.1 . We use the above facts. □. 



Corollary 3.6 LetLN = : i = 1, 2, . . . , dim 5„, n = 0, 1, 2, . . . , A^}. 

Then L^o is a basis of B, Ln is a basis of = A ■ spanjpj^ ■ ■ - Pin '■ 
ii, G X, n = 0,1, . . . , N} (we treat B, B^ as left modules). In partic- 

ular, 

N 

dim^S^ = ^dim Sn- (3.44) 

n=0 



Remark 3.7 Assume that the condition c. doesn't hold. Then we intro- 
duce Tji G A! as before, so ( ^.Sj ) holds. But on the right hand side of 
(\2.^ (for a = Vac, b = wbd, v,w E Irr H) we must add L^j^^^j^ where 
L^w ^ Moy{v(J)w, A®y®u;) and we don't have ^7^, ( \2.1^ . Nevertheless, 
( |j.<§| j is valid. Therefore we get admissible rji in the following way. Let 
matrix elements of nontrivial irreducible representations {w"^}m^M generate 
A as algebra with I . We put r]i{I) = 0, assume some values of f]i{w^^) 
and using ( ^T^j ) compute 4>i{w^Q). Then we have the condition that p of 
^1.^ ) preserves all the relations among w^^. We choose rji^Ajs) so that 
( \2. 1 1\ ) is satisfied (rji are in general not determined uniquely by We also 
have an additional condition that ([2.1f\) holds for b being matrix elements 
of {w'^}m£M (due to Remark it implies (\2.19{ ) for all h E A and using 
it we get A^r = and bimodule condition for j2 in Theorem \2.^ ). Proposi- 
tion pri^ holds provided Mor{l,k) = {0}, Mor(A, A®A) = {0} (otherwise 
we replace MoriVQjP ,V'^JP) by Vq in both places where Vq is some linear 
subspace of Mor{V®P ,V®P)). Moreover, in Proposition 'j.ljf .2.c there is 
B[Z ®1 + {R®1){1® Z)]m on the right hand side of ^3. 5^ and also one more 
condition (\3.61\) . We don't get Proposition \4.^ .2, Proposition and Corol- 
lary \(.9{ . In Proposition \4.^ . 3, Proposition \5.d{ . Theorem \5.d{ and Proposition 
\5. % we assume that A is a nontrivial representation. With such corrections, 
the results of Sections 2-5 are still valid. 
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Corollary 3.8a) B is the universal unital algebra generated by A and pi 
(i &X) with the relations Is = I a, 

Psa = {a* fst)pt + a*'ns - -^stivt* a), a e A, (3.45) 

{R - l^^)M,^J{p^Pj - ViiHs)Ps + Tij - A,„A,„T„„) = 0. (3.46) 

b) B is the universal unital algebra generated by A and pi,...,Ps with the 
relations Ib = Ia> 

{V(Dw)N^ = N^{w^), w G Rep H, 

Rp{VQP) = {VQjP)Rp, 
where V is given by the condition 3., 



Ri 



I R Z -R-Z {R-1®^)T \ 

1 

10 

V 1 / 



1,„ 



{.Gw)ic,Dj = fijiwcD), iHw)ic,D = Vii'^co), R = Gh, Z = Ha- 



(3.47) 
(3.48) 



(3.49) 



Remark 3.9 For rj = 0, T = (that choice always satisfies the conditions 



( \^- UD , (B*, (^)) we get PsAij = Rsi^mt^mjPt, Rki,ijPiPj = PkPi (cf ^ 



Remark 3.10 In ( \3.4^ ) it suffices to take a being generators of A (as algebra 



with unity), in (\3.4-T\) it suffices to take {w™}mGA/ C Rep H such that matrix 
elements of generate A. 



Remark 3.11 Replacing T by T 



' — 1/ 



R)T , we don't change ( \3.4(^ - 



One has RT' = —T'. So in the following we can (and will) assume 

RT = -T. (3.50) 
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Proof, a) follows from Theorem |3]^. Due to ( |2.3| ) and ( |1.7| ) it suffices to take 
a as generators. 

ad b) Let a = Wmn, m,n = 1, . . . , dim w. Then ( |1.5D implies 

( |3.45|) is equivalent to 

= G^{w®p) + H^w - {A®w)H^. (3.51) 



We can rewrite these two equations as (|3.47|) . One can replace (|3.46|) by 

{R - (pQp -Z-p + T- (A®A)T) = 0. (3.52) 



Using ( p.51|) for w = A, this is equivalent to ( p.48| ). □. 



Proposition 3.12 B is a Hopf algebra (with invertible coinverse). 
Proof. Let w,w' G Irr H. Then 

for some c^'^, G N. Thus there exist linearly independent 5'^^^,/^^,// G Mor(w", w®w') 
a = 1, . . . , c^^/. Then A is the algebra generated by matrix elements of un- 
equivalent irreducible representations of H satisfying 

{w®w')S^^,^„ = S^^,^„w", w, w', w" eliT H, a = 1, . . . , c^^,. (3.53) 

We conclude that B is the universal algebra generated by (matrix elements 
of) a set of representations of G (V and w G Irr H) satisfying ( |3.47| ), ( |3.48| ), 

V = /CDP, Vi = iA and sV = Is 

where i : C'-^' — > C'-^l © C, s : C'-^' © C — > C are the canonical map- 
pings, I is the trivial representation of H. Thus the relations are given by 
morphisms. Moreover, these representations are invertible: 
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= S{w) for w G Irr H. Using the arguments of [jTO| or |I6|, we get 
that B has a coinverse S. Similarly, and w'^, w G Irr H, are invertible 
representations of G°PP, where Poly (G^PP) = {B,tA) (coinverse of A is 
invertible). Hence {B, tA) has a coinverse S', by the general theory S' = S~^. 
□ . 



Let 



T = {R — 1 )kl,ijTij, 



where defined in Theorem |2 

Proposition 3.13 

1) (\2. 14\ ) is equivalent to 



where S is a set generating A as an algebra with unity 
2) 



(3.54) 



(3.55) 



r'Ko^h) = if J, * /.„)(a)r-^(6) + r'^(a)e(6) (a, b E A), r'^{I) = 0. 



Proof. 1) follows from Remark 2^, ( 1.15|) , ( p.5|) and ( 1.121) . 2) follows from 
Proposition U, (|LT6|) , (p|) and 



Rkl,ij{fjs * /im) — (/ij * fki)Rij,r 

we get it acting fij on (|1.5|)). 



□. 



Proposition 3.14 Let R ^ Cl®^ One has 

1) Mor(P®P,P®P) = C ■ id © CRp © {mp : (A®A)m = m} w/iere i?p is 
given by ( \3.4!^ ) and 



(3.56) 





1 ° 








m 


\ 
















mp = 


















I 
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2) W e Mor(PQ)P, P®P) satisfies 

{W ® 1)(1 ® W){W ®1) = {1^W){W ^ 1)(1 ® W) (3.57) 
z/ anc? only if 

a) W = x-id (xeC\{0}) or 

b) W e {mp : (A©A)m = m} or 

c) W = y ■ {Rp + nip) for ?/ G C \ {0} and m such that (A®A)m = m 
provided that 

[{R-l^^)(g)l]F = 0, (3.58) 
A3{Z01-10Z)T = O. (3.59) 
Those W are invertible if and only if we have the case a) or c). 



Remark 3.15 Examples of R-matrices for inhomogeneous quantum groups 
were given e.g. in J|/, ^. 



Proof, ad 1) One has 



/ A®A AQp p®A pQp \ 






A 





p 








A 


p 


V 








I 1 



We assume 



W 



( ^ 


B 


E 




c 


D 


G 


H 


J 


K 


N 


P 


\ L 


M 


Q 


u ) 



G Mor(P®P,P®P). 



It gives a set of linear relations on matrices A, B, . . . ,U. Using (|3.52|) and 

p®A = R{A®p) +ZA- (A®A)Z (3.60) 



(it is (|3.51|) for w = A) one can solve them and get A = b + aR, B = aZ, 
E = -aRZ, F = a{R- 1^^)T + m, D = N = bl, G = K = al, U = a + b, 
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C = H = J = P = L = M = Q = 0, where a,b,k e C, (A®A)m = m. It 
means W = b ■ id + a ■ Rp + mp and 1) follows. 

ad 2) We set / = Z ® 1 + (i? (g) 1)(1 (g) Z). Using we get /ijfc,^^ = 

ri,{{AQA)jk,rs) and (see (TO)) 



Moreover, (A®A)m = m gives 



1-171 = 



(3.61) 
(3.62) 
(3.63) 
(3.64) 



and (acting by fij) 

(/? (g) 1)(1 (g) i?)(m (g) 1) = 1 (g) m, 

hence (using = 1®^) 

(1 (g i?)(i? (g 1)(1 (g m) = m (g 1. 

We shall check for which m and x,y E C, W = x-id + y-Rp + nip satisfies 
(13371) . Since P acts in C'^l © C, acts on 

ci^i ® ci^i © ci^i © c © c ® ci^i © c ® c. 

Denoting the standard basis elements in C'-^' © C by Cj (i E I) and /, one 
gets 



Rp{ei ^ 


DCj) 


= Rkl,ij(^k © Q, 


Rp{ei C 


S/) 




i?p(/$ 


^ Ci) 


= -{RZ)ki,iek © + Ci © /, 


i?p(/C 


^/) 


= ((i?-l®2)2^),,e,©e, + /©/, 


mp(ei (g 


Dej) 


= 0, 


mp{ei C 


S/) 


= 0, 


mp(/ § 


5 Cj) 


= 0, 


mp{f®f) 





(3.65) 
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Let us restrict ourselves to C'-^' ® C'-^' ® C'-^L Then ( p.57| ) gives an anal- 



it means 



ogous formula for x ■ 1'^'^ + y ■ R. Using (|3.11| ) and R^ 
x^y{R (g)l-l(g)i?) = 0, x = Oory = 0(i?(g)l = l(g)/? would mean 
V 0C^ = C^0V where V = ker(i? + l®^), R e Cl®^, contradiction). 

Setting X 0, y = and applying both sides of (|3.57|) to f ® f ® e^, one 
obtains mij{ei (g) ej ® e^) = 0, m = 0. Clearly xj^O,y = 0, m = gives a 
solution of ( p.57|) . The same holds ioi x = y = (both sides of ( p.571 ) equal 
0). It remains to consider W = y{Rp + mp) for y ^ 0. In order to check 



( |3.57|) we may assume y = 1. Using (|3.65| ), we find that ( p. 571) on 



)e,- 



>efc 



follows from on Cj ® ej ® f, Ci ® f ^ ej, f Ci ej is equivalent to 



( |3.61|) , on Cj ® / ® /, f ® ei® f , f ® f ® ei equivalent to ( p.58|) (we use 
( |OD[ ), (|CT1 ) and i^W^), on / ® / ® / is equivalent to Bis = where B is 
given by (CT) , s = Sq + m, sq = (i? - l®2)r = -2T (see (|330|) ). Using 
( TO ) and [1 ® (1®2 + /?)]/so = o (which follows from {^^)), we get 



Bis = Blso = -Aslso = -As^Z ® 1 - 1 Z)T 

and Bis = is equivalent to ( p.59| ). 

Invertibility condition is obvious (in the case c) we use the existence of 
= Rp). □. 



Remark 3.16 One can also consider the case when (i?+l®^)(i?— Ql*^^) = 
where Q ^ 0, ±1 is not a root of unity. Then (p + id)(p — Qid) = and 
we should replace everywhere R — 1*®^ by R — Ql®^ , Rki,ijPiPj = PkPi by 
Rki,ijPiPj = QPkPi, 

A3 = Q^i ^ 1 1 _ g2^ (g)l-QH®R + Q{R ® 1)(1 ® R) + 



Q(l ®R){R®1)-{R® 1)(1 ®R){R® 1), 



A = 
B 



Rf 



/ R 




V 



1){1®R) - 
)R){R®1) - 
Z (Q-1 



-QR 
-R)- 




1 





Ql 

(Q-i)i 




R) + QH®1®1, 
8) 1 ® 1, 

gi®2)T 



Q J 



5 i + g'i 

Z {R 
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is replaced by 



E Q 

7rgn„ 



s(tt) 



:i)q(2)c 



where s{7t) is the number of transpositions in the minimal decomposition of 
TT and {k)Q = 1 + Q + . . . + Q'^^^ (what concerns Sn and A-^ see 



mi 



Q Rii^ni2 ~l~ • • • ~l~ Rii ■ . . . ■ Rig 



.r-n. 



where 



s = s{tc), in Remark \3.11\ T' = j^{Ql^^ — R)T . In Proposition 
^1^ .2.c one has W = y{Rp + nip)^^ , (1 (g) 1)(1 (g) m) -m®! on the 
right hand side of 5d[ ) and additional condition Rm = —m. In l \4-4\ ) one 
has 



(l+Q)c- 



■(Ql®2_i?) instead of 



2c2 ' 



R) . In l \4 ■ 14\ ) one obtains R, 



ab,jl 



on 



the left hand side. In Proposition \i.^ .2, Proposition |5.4 Theorem \5.(\ and 
Proposition \5. Tj we assume \Q\ = 1 (otherwise existence of the considered 
*-structure in B would imply R = —1*^^, B = A - span{I , pi} ) . With these 



corrections, all the results ( in particular Remark \3. Tj ) remain true but we do 
not get Proposition \4-^ Corollary |^.^ and there are small modifications in 
the proofs. 



4 Isomorphisms and * structure 

In this Section we consider isomorphisms among inhomogeneous quantum 
groups as well as ^-structures on them. Throughout the Section we assume 
that Polj{H) = [A, A) is a Hopf algebra satisfying the conditions a.-c. and 
Poly(G') = {B, A) is the corresponding Hopf algebra as in Theorems |2.1| and 
Then G is called an inhomogeneous quantum group. 



Proposition 4.1 Let w G Irr G. Then w &Itt H . 

Proof. Let W = span{wmn '■ m,n = 1, . . . ,dimw} and s be the smallest 
natural number such that W <Z B'^ {B = UsB'^). Assume that s > 0. Then 
A-B" C B'-^®B'+B'®B'-^. There exists <p G [b')' such that = and 

01^ 7^ 0. Therefore (id (g) 0) AVT C B'-^, w^{w) e Mdim wiB"'^). Moreover, 
one can choose x G C*^™ ^ such that (f){w)x ^ 0. We take (^{vS)x as the 
first vector of a basis in the carrier vector space of w. Thus w\^\ G 
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k = 1, . . . , dim w, Wki wn = Awki E ^ tSi B^ ^ Using linear indepen- 
dence of wii {w G Irr G), we get Wki G B^^^, W C B'^^^, contradiction. Thus 
s = 0,W C B^ = A. □. 



Corollary 4.2 

A = spa.n{wki : k,l = 1, . . . , dim w, w E Irr G}. 
Thus B determines A uniquely. 

Proposition 4.3 Let x E B, Ax E A® B + B (g) A. Then x E B^. 

Proof. Let N be the minimal number such that x E B^ . Assume N > 2. 
Then 

2 = 1,..., dim Sn 

n< N 



Using the same arguments as in the proof of Proposition p.5|, one gets ajjv = 
i = 1, . . . , dim Sn, x E B'^~^, contradiction. Thus x E B^. □ 



Proposition 4.4 One has 

1 ) Suppose that B, A, A, A, p, /, rj, T and B, A, A, A, p, /, f), T describe two in- 
homogeneous quantum groups G, G and : B — > B be an isomorphism of 
bialgebras. Then 0(^4.) = A, 4>{B^) = We denote 0^ = 0|_^ : A — > A. 

2) Moreover, let 0(A) = MAM~^ for an invertible matrix M. Then 

(pip) = M{cp + h-kh), (4.1) 
for some c G C \ {0}, kg E C (s eT) and we can choose 

/=(M-VM)o0^i, (4.2) 

fi = -M~^{ri + fMh - eMh) o 0_^i , (4.3) 

f = \iM-^ M-^)T + -^(1®^ - R) [-(M'^ ® M-^)ZMh + h®h] (4.4) 
c 

where Z = ri{A), 

R = {M-^ ®M~^)R{M®M). (4.5) 
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3) Let B, A, A, A, p, f, t], T describe an inhomogeneous quantum group, A, A, A 
satisfy the conditions a.-c, 0^ : A — ^ A he an isomorphism of bialgebras 
such that 0yt(A) = MAM~^ for an invertible matrix M and c G C \ {0}, 
kg & C (s & I). Then there exists an inhomogeneous quantum group de- 
scribed by B, A, A, A,p, f ,fi,T and isomorphism of bialgebras : B — > B 
such that = </)|^ and hold. 



Proof, ad 1) According to Corollary ^ 



(f){A) = span{0(wfc/) : k,l = 1, . . . , dimw, w G Irr G} = 

span{vki : k,l = 1, . . . , dimf , v G Irr G} = A. 

Let X G B^. Then Ax G B^A + A^B, A0(x) = (</)(g)0)Ax G B®A + A<^B. 
Using Proposition we get (j){x) G B^. Thus 0(i3^) C B^. Interchanging 
B with B, one gets (f){B^) = B\ 

a.d 2) (j){p) = k ■ p + I for some kij, U G A. Therefore 

{kp + 1)®I + MAM-^®{kp + /) = (0 ® (f)){p®I + A®p) = 

{(f) ® (f))Ap = A(j){p) = A{k){p®I + A®p) + A{1). 

We get A{k) = k®I, % G C, MAM-^k = kA, 1®I + MAM'^®1 = A{1). 
Thus k = €■ M and (cf ( p.lO| ) and later formulae) I = h — MAM~^h for some 
c G C \ {0}, hsEC {s e I). Setting h = M'^h one obtains 

Acting on the relation pa = {a* f)p + a * 7] — A{r] * a), we get 



M{cp + h- Ah)b = 
{b * f o (j)j^)M{cp + h - Ah) + 
h*r]o(j)-^ - MA]Vr^{ri o 0;^^ * 6), 

where h = (j){a) G A. But (acting on ( |1.5| )) 

(6 * / o 0;^i)MAM-^ = MAM~\f o 0^^ * 6). 
Thus ( [4.6|) is equivalent to 



(4.6) 
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^{b * [M-\r] + fMh - eMh) o (p^^]}- 

^A{[M-\r] + fMh - eMh) o 0^^] * b}. 
It proves ( |4.2| ) and (|4.3| ). Applying ( |4.2| ) and ( [4 .31 ) to A one obtains 

Z = -^[(M^i ® M'^)ZM + R{l®h)-h® 1]. 

Acting (p on the relation ( |3.52| ) and using ( |4.5| ), we get 

{R - \pQ)p + - pQ)kh'+ 

h'®p - Ah'®p + Ah'®Ah' - Ah'®h' - h'QAh' + h'®h'^ 
Z'p - Z'h' + Z'Ah' + T' - (A®A)r] = 0, 
where Z' = 1{M'^ ® M'^)ZM, T' = ^(M"! ® M-^)T, h' = ^. But 

p®A = R{A®p) + ZA- {A®A)Z, 
so ( |4.8| ) is equivalent to 

{R - l^^)[pOp - Gp + U] = 0, 

where 

G = -l(g)h' + R{Ah' (g)l) - h' ®1 + Ah' ®1 + Z' = 
Z+{R + l^^){Ah' 01-1® h'), 
U = -ZAh' + (A®A)Z/i' + Ah'QAh' - Ah'Qh' - h'®Ah'+ 
h'Qh' - Z'h' + Z'Ah' + T' - (A®A)T'. 



I and 
(4.7) 



(4.8) 



But 



hence 



Z'Ah' - ZAh' = h'Q)Ah' - R{Ah'®h'), 
{A®A) Zh' = {A® A) Z'h' + R{AQ)A){h'Q)h') - {A®A)h'®h', 

U = f- (A®A)f +{R + l®2)(A/i'®A/i' - Ah'®h'), 
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where T = T' — Z'h' + h'CDh'. Therefore ( [4 .81 ) is equivalent to 



{R - _zp + f- (A®A)f ) = 0. 



Thus we can choose T as ^{1®^ - R)T (cf Remark PTTD and (glj) follows. 



ad 3) We define f ,fi,T by ([4.2|)-(^^ and B as the universal algebra 
generated by A and pi, i E I, satisfying = 

pb = {b* f)p + (6 * 57) — A(57 * 6), b E A, 

{R - 1^2) [pQo -Zp + f- (A®A)f ] = 0, 

where f,ri,f are given by Rij^ki = fui^jk), Z = r)(A). The com- 

putations in 2) show that there exists a unital homomorphism of algebras 



: B — > B such that = 0,4 and (|4.1|) holds (0 transforms the relations 



in B into the relations in B). The same computations show that there ex- 
ists a unital homomorphism of algebras 0' : B — > B such that 0'| _4 = 

and 0'[M(cp + /i - Ah)] = p, i.e. = ^M-^[p - Mh + AMh]. Thus 

= (f)'(f) = id and (p is an isomorphism. We set A = (0 Cg> 0)A0~^. Hence 
{B, A) is a bialgebra with the proper bialgebra structure on A and (p is an 
isomorphism of bialgebras. Computations in 2) show Ap = p®I + A®p and 
the properties of {B, A) imply that {B, A) corresponds to an inhomogeneous 
quantum group described by B, A, A, A, p, f, fj, T. □. 



Proposition 4.5 Let A, A,p, /, 77, T correspond to an inhomogeneous 
quantum group where {A, A) is a Hopf * -algebra such that A = A. 

1) Let {B,A) be a Hopf *-algebra such that *\^ = Then there exist m 7^ 
0,ns G C (s E 1) such that 

p'. = mpi + ni- AijUj (4.9) 

satisfy p'* = p\. In particular, there exist B, A, A, A, p, f, fj, T corresponding 
to an inhomogeneous quantum group and Hopf *-algebra isomorphism : 
B — > B such that A = A, 4>\j^ = id, 4>{p'i) = pi, p* = pi- 
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2) There exists Hopf * -algebra structure in B such that *\^ = *^ and p* = pi 

e I) tff 

^•(S(a*)) = /i,(a), aeA (4.10) 

r]^{S{a*))=^, aeA, (4.11) 

T-T G Mor(/,A®A), (4.12) 
where Tij = Tji, i,j G X. Moreover, such * is unique. 

3) Proposition 14-4 remains valid if we consider (^, A), (^, A), (i3, A) and 
{B,A) as Hopf *- algebras, (f),4>A Hopf * -algebra isomorphisms, Pi,Pi as 
selfadjoints, M = M and c G R \ {0}, /ij G R fx G I). Moreover, one has 
A = A. 



Remark 4.6 Statements 1) and 3) remain valid if we replace everywhere 
Hopf * -algebras by * -bialgebras. 



Remark 4.7 If A = A, A = A and 0_4 : A — > A is a * -isomorphism such 
that 0^(A) = MAM~^ then we can assume M = M ( Conjugating one has 
0_4(A) = MAM~^. Using the condition b., M = a ■ M for some a = e^'^, 
G R. Replacing M by M' = e''^''^M, one gets 0^(A) = M'AM'~^ and 
M' = W). 

Proof, ad 1) Acting by * on ( |1 . 1| ) , we get 

Ap* = Aij ® p* + p* ® I e A® B + E ® A. 



Using Proposition p* = kijpj + /j for some kij, U G A. Therefore 
{kp + + A®{kp + [) = A{k){p®I + A®p) + A{1). 



We get (cf the proof of Proposition ^4.4| ) k = cl , I = g — Ag for some c, (/^ G C 
(s G X). Thus p* = dpj + gj — Aj^gk- Using p** = pj, we may put d = e^"^, 
gj = ie^'^^'^Cj, (p.Cj G R (j G X). Setting m = e*"^/^, nj = ^icj, one gets that 
p'i given by satisfy p'* = p\. 
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We put c = ^, hj = -^rij, M = 1,A = A,(Pa = id. Then B, A, A, A,p, f, fj, f 



and (p : B — > B given by Proposition [4.4[ 3 satisfy all the conditions which 
don't involve *. In particular, A = A, 

(j){p') = (f){mp + n — An) = m{cp + h — Ah) + n — An = p. 

We define *mBa.s(f)o*igo (p^^. Then is a Hopf *-algebra isomorphism 
and p* = (f){p'*) = (j){p'i) = Pi. 

ad 2) The existence of such structure is equivalent to the fact that the 
ideal Q in B (with * given by p* = pi, *\^ = *X) generated by ([L^ ) and ( p.46| ) 
is selfadjoint (Hopf algebra structure exists due to Proposition |3.12| , while 
A* = (* (g) *)A and *^ = id can be checked on generators a & A, Pi {i & X)). 
In other words, conjugating ( |1.6|) and ( 3.46 ) we should get relations, which 



follow from ( |1.6|) and (|3.46|) as relations in algebra without *. We use the 



notation f[x) = f{x*), f G A', x E A. For ( |1.6| ) one gets (6 = a*) 
= [-psa + {a* fst)pt + (psia)]* = -bps + Ptip * f^t) + (psip*) 

-bps + (6 * fst * ftr)Pr + Mb * fst) + (Psib*)*. 



Therefo re (se e (|Tj)) fst*ftr = Ssr-e, fsi = fst* ftr* fri^S = fsioS, fsi = fsi o 5, 
we get ( [4.10D . Moreover, 

Mb*) = -Mb*77t)*. (4.13) 

Thus 

b* *r]s- Astivt * b*) = -b* * fst *rrt + iv^ * b* * fst)^tm = 

-b* * fst*r]i + ^stiftm *ru*b*) 

(we used O). Thus {b* = a) a* ^s = KtifJ't * a), where Hs = Vs + fst * Wt- 
Inserting a = Vki, v G Irr H, and denoting fis{vkm) = -^sfc.m, one has F G 
Moic{v,AOu) = {0} (condition c), Hs = 0. Therefore (see (|lT|)), 

-fms ° S *r]s = fms° S * fst*r]l = V^- 
Acting on Vki and using ( |2.5| ), we obtain 

WiiVkl) = -fms{Vkr)Vs{Vrl) = -r]rn{hll) + ViniVkr)'^M = ^m(%/). 
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Vm = VmO S, on e get s ( |4.11| ). 

In virtue of (j^), (|OD and A = A 



Sijhl = Sij'^i^kl) = fim * fmji^kl) 



Multiplying by Rab,ik, we get 



RahS — Rba,lj- (4-14) 

Moreover, 



Vsi^jk) = -{fst* r]t){^jk) = -fst{^jm)r]t{^mk) = -Rsj,mtVt{^mk)- 

Multiplying by (i? — l^^)ab,sj, one obtains 

{R - l''^)ab,sM^jk) = {R- l^^)ab,mtVMmk). (4.15) 

Therefore, conjugating ( p.46| ), we get 

Comparing with (g), one has {R - l^^){f - T) G Mor(/, A®A). Using 
( |330|) and ( ^141) , we get (^l2|) . Conversely, assuming (|4lO| ) - (|4^) and 
repeating the above reasonings in an opposite order, one gets that Q is self- 
adjoint. 

Since A and Pi [i G I) generate uniqueness of * follows. 

ad 3) If o * = * o and M = M then (in 2) of Proposition ^) 



MAM-^ = (/)(A) = 0(A) = 0(A) = MAM-\ 
hence A = A. Moreover, 



M{cp + h- Ah) = (f){p) = (j){p) = (f){p) = M{cp + h- Ah). 

Thus h-h e Mor(/,A) = {0} (condition c), c, /i^ G R (i G I). In 3) of 

Proposition [4.4| we prove A = A as above and define Hopf *-algebra structure 
in i3 by *g = o >Kg o 0~^, which gives the proper * in A. Thus is a Hopf 
*-algebra isomorphism by construction. Then 



M{cp + h-Ah) = (f){p) = (j){p) = (f){p) = M{cp + h-Ah), 
p = p. □. 
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Proposition 4.8 Let B satisfy the conditions of Proposition with T 
T. Then (see ^M) ) r^\S{h*)) = T^. 



Proof. Using A* = 

Tij = Tji one gets 



)A, AS = t{S ® ^)A, = e, j ^J^ , and 



Tij{S{b*)) = r]i* rij{b) - r]i{Kjs)'ns{h) + Tjie{h) - {fim * fjn){h)Tnm- 



Multiplying both sides by {R— l'^'^)ki,ij and using ( [4.14| ), ( [4.15| ), one gets our 
assertion. □. 



Corollary 4.9 With assumptions of Proposition if 53{ ) holds for some 
be A then ([^[^ holds for S{b*). 



Proof. Let c = S{b*). Applying So* to ( p.SSj) and using Proposition ^ 



one 



obtains (A ^)kii^ t-'*) = t"^ * c, which is equivalent to ( p.55|) with b 

replaced by c. □. 



5 Quantum homogeneous spaces 

In this Section we prove that each inhomogeneous quantum group possesses 
(under some conditions) exactly one analogue of Minkowski space. Through- 
out the Section we assume that Po\j{H) = {A, A) is a Hopf *-algebra satis- 
fying the conditions a.-c. and Poly(G') = {B, A) is the corresponding Hopf 



*-algebra as in Theorems 2.1, |3.1| with *-structure as in Proposition [4.5|.2. 



Remark 5.1 Analogues of Minkowski spaces endowed with the action of in- 
homogeneous quantum group in absence of inhomogeneous terms in the com- 
mutation relations were studied e.g. in /(7^/, J^, /[^, for the so called soft 
deformations (a commutative A and r} = 0) in j\r^ and for n-Poincare group 
m If. 

Motivated by [|12| we say that (C, \E') describes an analogue of Minkowski 
space associated with G if one has 
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1. C is a unital *-algebra generated by Xj, i G X, and \I/ : C — > i3 ® C is a 
unital *-homomorphism such that (e ® id)\l/ = id, (id ® = (A ® id)^, 

X* = Xi and 

"ifXi = Aij (g) Xj +pi®I. (5.1) 

2. if d A®W ioi a. hnear subspace W d C then C CJ. 

3. if (C, \[^') also satisfies 1.-2. for some a;/ G C then there exists a unital 
*-homomorphism p : C — > C such that p(xj) = and (id ® p)^> = p 
(universality of (C, \E')). 

Let us remark that the conditions (e id)\E' = id, (id ^E')^!' = (A CS) id)\l/ 
are superfluous in 1.. 

Proposition 5.2 We assume 

Mor(/,A®A) nker(i?+ 1^2) _ |0}, (5,2) 

Let C he a unital algebra generated by Xi (i d1) and \E'' : C — > B ®C be a 
unital homomorphism satisfying (\5. j| j and the condition 2.. Then 

{R - l®'^)ij,ki{xkXi - r]k{Aim)xm + Tki) = 0. (5.3) 

Proof. According to ( |5.1D , \E''x = A®r + p®I. Thus 

^'{x®x) = (A®A)Q(x®x) + (AQp)CDr + {p®A)(Sx + {p®p)®I. 

Using ( ILT2D , (IH) and (gH), 



^\{R - l^^){x®x)) = (A®A)Q(i? - 1^2)(x®r) + 

{R - 1^2) (ZA - (A®A)Z)®r + {R - l'^^){Zp - T + (A®A)T)Q/. 

Setting w = {R - l'^^){x®x - Zx + T), one obtains = (A®A)Qu;. 
The condition 2. implies Wij G CJ, w = (A®A)w. But Rw = —w, hence 
w G Mor(J, A®A) n ker(i? + l®^) = {0} and fj) follows. □. 
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Proposition 5.3 Assume that 



Mor(/,A®A®A) = {0}. (5.4) 

Let C be the universal unital algebra generated by Xi (i satisfying ( |5.5| j. 
Then there exists a unique unital homomorphism \1/ : C — > B ®C such that 
( |5. 1\ ) holds. Moreover, a*"(a;®"), i = 1, 2, . . . , dim Sn, n = 0, 1, . . . , A^, form 
a basis of 

= span{xi, ■ . . . ■ Xi„ : ii, . . . , z„ G J, n = 0, 1, . . . , A^}, 
and the condition 2. holds. In particular, 

N 

dimC^ = ^ dimS'n. 

n=0 



Proof. Doing the same computations as in the proof of Proposition 5.2 



we get that the right hand sides of ( pTTP satisfy ( |573| ) in B ® C. Therefore 
the desired \1/ exists. Uniqueness is trivial. We find the basis of in 
a similar way as the basis of the left module B''^ in Section 3 (Theorem 
|3.1| -Corollary p.3|) . The main change is that we now consider the equality 
{x®x)®x = x®(xCDx), using x®r = R{x®x)+k, where k = c-x+(-R— 1®^)T. 
One gets A{kQx) = B{xQk). Instead of (|;k])-(g) we have 

/ = --He, (5.5) 



2 

^H{R-1^'')T (5.6) 



where 

/ = A{{R - 1^^)T O 1) - B{1 (g){R- 1^^)T) = -A^iT 1 - 1 ® T) = L. 



Thus ( ^.5|) is equivalent to (|3.21| ), which is equivalent to Moreover, 



using ( |3.5CI|) , (|3.27|) and (^.4|), one obtains that ( pl6|) is equivalent to 
Then we find the basis in a similar way as in Section 3. 

Now we shall prove the condition 2.. Let y & C, ^y E A® C. If y ^ C/ 
then for some A^ > 

dim 5]v 

y= E + 
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where y' G ^ and not all q equal 0. Using (|5.1|), 

dim Sjv 

j=i 

where G S^"^ ® C and also G ^B^^^ (8> C. In virtue of Corollary ^]6| 
Cj = 0. This contradiction shows that y G CJ. □. 



Remark 5.4 Assume ( \5.^ ) and l\5.^ ). Then {C, \E') defined in Proposition \5. 5 
satisfies the conditions 1.-3. without * (one can check (e id)\E' = id, 
(id ® \E')\E' = (A ® id)\E', (id ® p)\E' = ^' p on generators). The existence 
of * -structures in A, B is not necessary for Proposition \5. ^ , Proposition \5. S 
and Remark \5.4- 



Proposition 5.5 Let ( \5. Sj ) and l \5.4\ ) hold and {C, \E') be as in Proposition 
\5. 3[ . Then there exists a unique * -algebra structure in C such that ^ is a 
* -homomorphism. It is determined by x* = Xi. 

Proof. Assume that C is a *-algebra and \Ef is a * -homomorphism. Conjugat- 
ing ( |5.1| ) and comparing with ( |5.1| ), one gets "^Zi = Kij®Zj where Zi = x* — Xi. 
Using the condition 2. (see Proposition |5]^), Zi = hj with ki G C. Thus 
k = (^j)f=o ^ Mor(/,A) = {0}, Zi = 0, x* = Xj. Since we must have J* = /, 
it determines * in C uniquely. 

Conversely, setting x* = Xi in free unital algebra generated by Xi, we get 
a *-algebra. In virtue of (CT) , (CT) and j ^Wj ) 

f-T e Mor(/, A®A) n ker(i? + 1®^) = {0}. 

Using this, ( [4.14| ) and ( [4.15| ), one checks that the ideal generated by the left 
hand sides of ( ^.3|) is selfadjoint. Hence there exists *-algebra structure in C 
such that X* = Xi. Using ( ^.Ij) , \I'o* = *o\['onxj, hence in whole C, and \& 
is a *-homomorphism. □. 



Theorem 5.6 Assume l \5.2{ ) and ( \5.4 )- Then the conditions 1.-3. are sat- 
isfied if and only if the pair (C, \I') is ^-isomorphic to that defined in Propo- 
sitions ^.3[ and \5.^ . 
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Proof. According to Propositions ^]3| and p.5| , (C, satisfies the conditions 
1.-2.. If (C, also satisfies 1.-2., then using Proposition ^]2|, (|5.3|) is sat- 
isfied in C and there exists a unital homomorphism p : C — > C such that 
p{xi) = Xi . Using X* = Xi, Xi* = x/, one gets that po * = * o p. Using ( |5.1|) , 
one gets (id ® = \l/'p on Xi and hence in whole C. Thus the condition 3. 
is satisfied. Uniqueness follows from the universality. □. 



Proposition 5.7 Assume ( \5.^ ) and (\5.^ ). Let cf) : B — > B he a Hopf *- 
algebra isomorphism of quantum inhomogeneous groups, p* = Pi, p* = Pi, 
(piA = 4'A '■ ^ — ^ A be a Hopf *-algebra isomorphism such that 0^(A) = 
MAM-\, (f){p) = M{cp + h- Ah), M = M, c,hs eK (s e I). Let (C, ^) 
and (C, he the corresponding objects satisfying 1.-3.. Then there exists a 
unital * -isomorphism (pc '■ C — > C such that (j)c{x) = M{cx + h) and (j),(f)c 
intertwine \I' with ^ . 

Proof. We set x = c~^{M^^x — h) and check that (C, (0 ® id)\l/) satisfies 
the conditions 1.-3. w.r.t. x, A and p. By virtue of universality, there exists 
a unital *-isomorphism 0c • C — > C such that (pdx) = x, (0(8>0c)^ = "^(pc-^- 
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